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Uncertainties in Robotic Systems

• Environment
• Unpredictable scenarios: highways, private homes (service robots)

• Sensors

• Limited range and resolution

• Noise

• Robots
• Control actuation noise

• Wear-and-tear

• Models
• Modeling error



Probabilistic Robotics
• Motivation

• Better performance under the above-mentioned uncertainties

• Conjecture
• A robot that carries a notion of its own uncertainty and that acts accordingly is superior to 

one that does not

• Downside / Trade-off
• Computational inefficiency

• Much higher dimensional problem, much more decision variables

• Approximate

• Describe the true uncertainty using distributions with compact parameter set



Tools in probability

• Trajectory / path distribution
• Distribution induced by Stochastic Differential Equations (SDEs)

• KL-divergence

• Measure the distance between two distributions (𝑞, 𝑝)

• Bayes’ view of probability

• Prior, likelihood, and posterior

• Importance Sampling
• Sample from a difficult-to-sample distribution

𝑝 𝑿 𝑍 ∝ 𝑝 𝑿 𝑝(𝑍|𝑿)



Variational Inference Motion Planning



Probability in path distribution space

• Linear SDE
𝑑𝑋𝑡 = 𝐴𝑡𝑋𝑡  𝑑𝑡 + atdt + BtdWt

• Trajectory prior over the joint states 𝑿
• Linear transformations of Gaussian remains a Gaussian

𝑝 𝑿 ∝ 𝑒𝑥𝑝 −
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∶ A Gaussian distribution!

• Planning task likelihood:

𝑝 𝑍 𝑿 ∝ 𝑒𝑥𝑝 −𝑉 𝑿  : A Penalty term

• Motion Planning posterior:   𝑝 𝑿 𝑍 ∝ 𝑝 𝑿 𝑝(𝑍|𝑿)

• 𝑝 𝑿 𝑍 ∝  𝑒𝑥𝑝 −
1

2
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Gaussian noiseLinear dynamics



• Objective:     𝑚𝑖𝑛𝑞∈𝒬𝐾𝐿 𝑞 𝑿 ∥ 𝑝 𝑿 𝑍 ;  q 𝐗 : Gaussian

• Expanding:

• Algorithm
• Natural Gradient Descent (NGD)

• Complexity
• Sparse Factor Graph 
• Linear to discretization, polynomial to state dimensions
• Can be Parallelized

Gaussian Variational Inference Motion Planning

KL between Gaussians

Expectation of Nonlinear function

𝑝 𝑿 𝑍 ∝ 𝑝 𝑿 𝑝(𝑍|𝑿)



NGD on Sparse Factor Graph
• NGD Gradients

• Factorized costs:

• Prior factor: closed-form 

• Nonlinear collision factor: sparse GH-quadratures



Entropy-regularized Robust Motion Planning

• Equivalent:  Entropy regularized Variational Motion Planning 

• Trading-off `optimality’ and `robustness’

Expected Posterior Entropy of the proposal

Temperature parameter



Results 
• Iteration Costs• Optimization Iterations

• Optimizable covariances



Results 
• Planning in cluttered environments • Robust Decision-Making under uncertainties



Inference-control duality



Girsanov’s theorem

• Variational Inference (Distributional Control)

𝑑𝑋𝑡 = 𝐴𝑡𝑋𝑡 𝑑𝑡 + atdt + BtdWt

• Prior (uncontrolled) 

• SDE

• Induced path distribution

• Controlled 

• SDE

• Induced path distribution

𝑑𝑋𝑡 = 𝐴𝑡𝑋𝑡 𝑑𝑡 + atdt + Bt𝑢𝑡 + BtdWt

Control Inputs

• Stochastic Control
Control energy

• Girsanov’s Theorem

• The ratio          has a closed form expression

• The KL divergence                 equals to the expected control energy

      



Girsanov’s theorem



Covariance Steering for Linear Stochastic 
Systems with Hybrid Transitions



Covariance Control

• Girsanov’s Theorem

• The ratio          has a closed form expression

• The KL divergence equals to the expected control energy:

      

• Goal: Control the state covariance around a mean trajectory from initial to target

Constraint on terminal-time covariance

• Distributional Control Formulation

𝒬: The collection of distributions that have the target terminal covariance

Control energy

Enjoys a convex 

optimization formulation



Covariance Control for Hybrid Systems

• Goal

• Control the state covariance around a mean trajectory from initial to target, 
through possible hybrid transitions

• Hybrid event decided by a mean trajectory

• Formulation



Saltation Matrix for jump dynamics

• Linearizing the nonlinear jump dynamics
• Nonlinear reset map

• Instantaneous changes in the state

• Direct way: Jacobian of the reset map, low precision

• Saltation matrix: Considering the total variation of state and time in 
the jump events

• Covariance propagation at hybrid event:



Hybrid Covariance Steering

SDP Formulation

• This objective function is convex in the optimization variables!

• SDP program

• Dimension linear to the number of hybrid events, instead of time discretization

• Distributional Control Formulation for covariance steering

𝒬: The collection of distributions that have the target terminal covariance



• Bouncing ball

• SLIP: Linearized system

Numerical Results



Path Integral Control for Hybrid 
Dynamical Systems



Stochastic Systems with Hybrid Transitions

• Hybrid Dynamical Systems
• Co-existence of continuous flows and discrete jump events

• Modes, fields, flows, guards, jumps (resets)

• Consider nonlinear SDE as the flow

• Flow in 𝑗𝑡ℎ  mode: 

• Guard and reset (from 𝑗𝑡ℎ  mode to 𝑘𝑡ℎ  mode):



Problem formulation

• Objective function

• Girsanov’s theorem with hybrid transitions
• Remains similar to the smooth case 

• Optimal controlled distribution: known form uncontrolledcontrolled



Path integral control: Cross-entropy method

• Cross-entropy method

• Optimal controller as an expectation estimation using samples

• Advantages
• No need to solve HJB with hybrid guards and resets

• Parallel Sampling on GPU

• Potential issue: High variance (need many samples)

Optimal controlled distribution Proposal distribution



Importance Sampling using H-iLQR
• Optimal controller as an expectation estimation using samples

• Potential issue: Low variance (need many samples)

• Importance sampling

• Girsanov theorem

• Optimal controller under a proposal (controlled) distribution

is known (expression)



• Hybrid transition affect the quality of 

the feedback controller

Results and observations

• H-iLQR improves the sample 

    efficiency in H-PI

• H-PI obtains optimal control



Thank you!



Q & A
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